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Abstract
In this Letter we discuss the entanglement near a quantum phase transition
by analyzing the properties of the concurrence for a class of exactly solvable
models in one dimension. Entanglement can be classified in the framework
of the scaling theory of phase transitions. There is a profound differences
between the classical correlations, whose correlation lenght diverges at the




Classical phase transitions occur when a physical system below a critical temperature
reaches a state characterized by a macroscopic order [1]. Driven by quantum fluctuations,
phase transitions can occur also at zero temperature where they are induced by the change
of an external parameter or coupling constant [2]. Examples are transitions in quantum Hall
systems [3], localization in Si-MOSFETs [4] or the superconductor-insulator transition in
two-dimensional systems [5,6]. Close to the quantum critical point the system is character-
ized by long-range correlations which manifest in the singular behavior of dierent physical
observables. Both classical and quantum critical points are governed by a diverging corre-
lation length. A quantum mechanical system possesses additional correlations that do not
have a classical counterpart. This phenomenon, called entanglement [7], is one of the most
astonishing features of quantum mechanics. It is the resource for quantum speed-up in com-
putation and communication [8]. The role of the entanglement at a phase transition goes
beyond the knowledge of the statistical mechanics of the system. A complete classication
of the critical many-body state requires the introduction of concepts from quantum infor-
mation theory [9]. The aim of this work is to connect the theory of critical phenomena with
quantum information by exploring the entangling resources of a system close to its quantum
critical point. There are various questions that emerge in the study of this problem. Since
the ground state wave-function undergoes qualitative changes at a quantum phase transi-
tion, it is important to understand how its genuine quantum aspects evolve throughout the
transition. Will entanglement between distant subsystems be extended over macroscopic
regions, as correlations are? Will it carry distinct features of the transition itself and show
scaling behavior? Answering these questions is important for a deeper understanding of
quantum phase transitions and from the perspective of quantum information theory as well.
Therefore results that bridge between these two areas of research are of great relevance. We
study a set of localized spins coupled through exchange interaction and subject to an exter-
nal magnetic eld (we consider only spin-1/2 particles), a paradigm model central both to
condensed matter and information theory and subject to intense study [10]. O’Connors and
Wootters showed that in the Heisenberg chain the maximization of the entanglement at zero
temperature is related to the energy minimization [11]. It is known that Werner states [12]
can be generated in a one dimensional XY model [13] and that temperature and magnetic
eld can increase the entanglement of the systems as shown for the Ising and Heisenberg
model in [14,15]. Finally we mention the study on the role of the entanglement in the
density matrix renormalization group flow and the introduction of entanglement-preserving
renormalization schemes [16]. In this Letter we address the problem of the relation between
macroscopic order, classical correlations and quantum correlations. Therefore we analyze
the entanglement near the critical point of the XY model in a transverse eld. Due to the
universality principle, meaning that the critical behavior depends only on the dimension of
the system and the symmetry of the order parameter, our results have much broader va-
lidity. The concurrence, a measure for the resource entanglement [17], is calculated exactly
for generic number of spins. We nd that in the vicinity of a quantum phase transition
the entanglement can be classied in the framework of scaling theory. On the other hand
this analysis provides a clear distinction between the role of entanglement and correlations
in quantum systems close to a critical point. The system under consideration is a spin-1/2
ferromagnetic chain with an exchange coupling J in a transverse magnetic eld of strength










where a are the Pauli matrices (a = x; y; z) and N is the number of sites. We assume
periodic boundary conditions. It is convenient, for later purposes, to dene a dimension-less
coupling constant  = J=2h. For γ = 1 Eq. (1) reduces to the Ising model whereas for
γ = 0 it is the XY model. For all the interval 0 < γ  1 the models belong to the Ising
universality class and for N = 1 they undergo a quantum phase transition at the critical
value c = 1. The magnetization hxi is dierent from zero for  > 1 and it vanishes at
the transition. On the contrary the magnetization along the z-direction hzi is dierent
from zero for any value of . At the phase transition the correlation length  diverges as
  j − cjν with  = 1 [18,19]. We conne our interest to the entanglement between
two spins on position i and j in the chain. All the information needed is contained in the
reduced density matrix (i; j) obtained from the ground state wave-function after all the
spins except those at positions i and j have been traced out. The resulting (i; j) represents
a mixed state of a bipartite system for which a good deal of work has been devoted to
quantify its entanglement [17,20]. We use the concurrence between sites i and j, related to
the entanglement of formation, and dened as [17]
C(i; j) = maxf0; r1(i; j)− r2(i; j)− r3(i; j)− r4(i; j)g (2)
In Eq.(2) rα(i; j) are the square roots of the eigenvalues of the product matrix R =
(i; j)~(i; j) in descending order; the spin flipped matrix ~ is dened as ~
:
= y⊗yy⊗y.
In the previous denition, the eigenstates of z 2 fj "i j #ig should be used. Translation
invariance implies that C(i; j) = C(ji− jj). The concurrence will be evaluated as a function
of the relative position ji− jj between the spins and the distance j− cj from the critical
point. The structure of the reduced density matrix, necessary to calculate the concurrence
follows from the symmetry properties of the Hamiltonian. Reality and parity conservation




11 0 0 14
0 22 23 0
0 23 33 0
14 0 0 44

 (3)















= 0 for a 6= b. From (3) the concurrence of the ground state is
evaluated exactly starting from the pfaan expression of the correlation functions [18,19,21].
Ising Model (γ = 1) - The rst question we consider is the range of the entanglement
E, i.e. the maximum distance between two spins at which the concurrence is dierent from
zero. The result is quite surprising: even at the critical point, where spin-spin correlations
extend over a long range (the correlation length is diverging for an innite system), the
concurrence vanishes unless the two sites are at most next-nearest neighbors. That is: the
truly non-local quantum part of the two-point correlations is nonetheless very short ranged.
In order to quantify the change of the many-body wave-function when the system crosses
the critical point, we look at the derivatives of the concurrence as a function of . In this
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case we need to consider only the nearest neighbor and next nearest neighbor concurrence.
We rst discuss the behavior of the nearest neighbor concurrence. The results for systems
of dierent size (including the thermodynamic limit) are presented in Fig.1. For the innite




ln j− cj+ const: (4)
Eq.(4) quanties non-local correlations in the critical region. An aspect, particularly relevant
for quantum information is the study of the precursors of the critical behavior in nite
samples. This study goes under the rubric of nite size scaling [22]. In the scaling ansatz,
the concurrence, a function of the system size and the coupling constant, is considered to
depend only on the combination N1/ν(− m) of both with critical exponent . In the case
of log divergence it behaves as
@λC(1)(N; )− @λC(1)(N; 0)  Q[N1/ν(− m)]−Q[N1/ν(0 − m)]
where 0 is some non critical value and Q(x)  Q(1) lnx (for large x). In Fig.1 the
derivative of C(1) respect to  is considered for dierent system sizes. As expected, there
is no divergence for nite N , but there are clear anomalies. The position of the minimum
m scales as m  c + N−1.86 and its value diverges logarithmically with increasing system
size as
@λC(1)jλm = −0:2702 lnN + const: (5)
According to the scaling ansatz [22] in the case of logarithmic singularities, the ratio between
the two prefactors of the logarithm in Eqs.(4) and (5) is the exponent which governs the
divergence of the correlation length  [23]. In this case (8=32  0:2702) it follows that
 = 1, as it is known from the solution of the Ising model [18]. By proper scaling [22]
and taking into account the distance of the minimum of C(1) from the critical point, it is
possible to make all the data for dierent N collapse onto a single curve (shown in Fig.2).
It contains the data for the lattice size ranging from N = 41 up to N = 2701. These results
show that all the key ingredients of the nite size scaling are present in the concurrence.
It is worthwhile to note that nite size scaling scaling is fullled in a very broad range of
values of N which are of interest in several protocols in quantum information.
A similar analysis can be carried on for the next nearest neighbor concurrence C(2).
The result is presented in Fig.3. In the inset a peculiarity of the Ising model is shown:
C(2) is maximal exactly at the critical point. Note that this maximum decreases rapidly
as the system size increases and that C(2) is two orders of magnitude smaller than C(1).
Since @λC(2)jλc = 0 for all N , the logarithmic singularity here appears rst in the second
derivative respect to , which we use to perform the scaling analysis. We want to emphasize
that for γ 6= 1 @λC(2)jλc 6= 0 and the critical behavior can be extracted from the rst
derivative as is the case for C(1). Furthermore we nd that only for the smallest system
sizes the concurrence is dierent from zero for ji− jj = 3 and  > 1:05 (i.e. for N = 7; for
N  9, C(3) = 0 for all ). For suciently large Ising chains C(n) = 0 for n  3. In contrast
the correlation functions are long-ranged at the critical point. In the thermodynamic limit
@2λC(2) = 0:108 ln j − cj + const. Also in this case data collapse and nite size scaling,
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presented in Fig.3, agree with the expected scaling behavior,  = 1. This completes the
analysis of entanglement for the one-dimensional Ising model.
Anisotropic XY model, 0 < γ < 1 - A cornerstone in the theory of critical phenomena
is the concept of universality, i.e. the critical properties depend only on the dimensionality
of the system and the broken symmetry in the ordered phase. Universality in the critical
properties of entanglement was veried considering the properties of the family of models
dened in Eq.(1) with γ = 1=2. The range of entanglement E is not universal. The
maximum possible distance between entangled pairs increases and tends to innity as γ tends
to zero. From the asymptotic behavior of the reduced density matrix we extract that E goes
as γ−1. This however has no dramatic consequences, the total concurrence
∑
n C(n) stored
in the chain is a weakly increasing function of γ (for 0:1 < γ  1, 0:15 < ∑n C(n) < 0:2).
More interesting is the critical behavior of the concurrence. To be specic we consider C(1)
in the case γ = 0:5, shown in Fig.4. As it was obtained for the Ising model, scaling is fullled
with the critical exponent  = 1 in agreement with the universality hypothesis.
Conclusions - The analysis of the resource entanglement for a condensed matter system
close to a quantum critical point allows to characterize both quantitatively and qualita-
tively the change in the wave-function of the ground state on passing the phase transition.
A striking feature which emerges is that though the entanglement itself is not an indicator
of the phase transition, an intimate connection between entanglement, scaling and univer-
sality exists. In a way this analysis allows to dig out what is genuinely quantum in a zero
temperature phase transition.
The results presented here might be tested by measuring dierent correlation functions,
for example with neutron scattering, and to extract from these the entanglement properties
of the ground state close to the critical point [14]. We nally discuss the perspectives of
this work towards quantum computation. First of all, system sizes considered here (
103) can be those of a typical/realistic quantum computer. Quantum computation close
to a critical point may oer great advantages: it may be more robust against both errors
due to imperfections and against decoherence due to long range correlations and diverging
dephasing time respectively. Moreover, our study shows how the resource entanglement is
shared among the qubits and how at the phase transition the entanglement ’switches’ with
the external eld.
After having completed our paper we were informed by T. Osborne of a related work
performed by T. Osborne and M. Nielsen (unpublished).
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FIG. 1. The change in the ground state wave-function in the critical region is analyzed consid-
ering @λC(1) as a function of the reduced coupling strength . The curves correspond to different
lattice sizes N = 11; 41; 101; 251; 401;1. We choose N odd to avoid the subtleties connected with
boundary phases.
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FIG. 2. The finite size scaling is performed for the case of logarithmic divergences. All the data
from N = 41 up to N = 2701 collapse on a single curve, such that the concurrence is a function of
N1/ν(− m). The critical exponent is  = 1 as one expects for the Ising model. The inset shows
the divergence of the value at the minimum as the system size increases.
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FIG. 3. As in the case of the nearest neighbor concurrence, data collapse is also obtained for
the next nearest neighbor concurrence C(2) and for  = 1. In the figure data for system size from
N = 41 to N = 401 are plotted. The inset shows a peculiarity of the Ising model: C(2) has its
maximum precisely at the critical point for arbitrary system size.
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FIG. 4. The universality hypothesis for the entanglement is checked considering the model
Hamiltonian, defined in Eq.(1), for a different value of γ . In this case we chose γ = 0:5 and N
ranging from 41 up to 401. Data collapse, shown here for C(1), is obtained for  = 1 consistent
with the model being in the universality class of the Ising model. In the inset the divergence at
the critical point for the infinite system.
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